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The research performed under Grant AF-EOAR-63-76,

is reported in three main parts.
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Part 1

This mainly covers the material in the original
proposal, A rough model of the rocket combustion process
demonstrates that if a modulated flow of fuel could be produced at
the injector plate, a repetitive and corresponding variation of
combustion pressure would result, and form a driving mechanism for
high frequency ccmbustion instability. It must be noted that at the
frequencies involved, the inertia of the fuel feed lines would hinder
the total fluid column behind the injectors from following. Thus
the fuel flow modulation must come from a modulation of the discharge
velocity from each orifice, for example, by a change in the pressure
at the plane of the orifice exit (this pressure determines the dis-
charge velocity for a given fuel and orifice).

The high 'g! vibrations to which rocket engines are
subjected both on the test stand and in flight, suggested that
transverse mechanical vibration of the injector plate could induce
this fuel flow modulation,

Part 2

Initial work on the effect of low !'g! vibration on
injector behaviour was reported at the 16th AFOSR Meeting on
Nantucket Island and in the June 196k edition of the British
Institute of Applied Physics.

) It has been established that vibration induces velocity
modulation in the jet emerging from the injector. At low !'g' the
minute modulation merely serves to trigger the capillary type
instability. At high 'g! (greater than 100), the velocity mod-
ulation is sufficient to result in a predominant bunching effect in
the liquid jet. Spectacular disc formation on the jet is the result.
Discs on jets fram neighbouring holes can be in phase or out of phase
depending on their aligmment with respect to the line of vibration.

'Bunching! occurs whether the jet is laminar or
turbulent, low velocity or high velocity.

Rayleigh's original analysis has been modified
(2) to specifieally incorporate velocity modulation as a trigger
mechanism, and to cover second order effects,

(b) to include the !'bunching' effect at least in the transition
region where it has not become completely dominant over the
capillary effect.,
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then to counle with an acoustic mode of the chamber to become

self sustaining.

A tangential mode of vibration, by including
space-wise phase shift in the jet modulation across the injector
plate, can initiate the tangential mode of instability. Thus,
modes of eombustion instability can be related directly to modes
of vibration.

Part 3

The effect of the tangential mode of instability
on the boundary laycr heat transfer coefficient is considered.

The wall vibrations set up, cause driven vortices
of the Taylor-Goertler type with axes parallel to the cylindrical
chamber axis,

The increase in the heat transfer coefficient with
respect to that in the normal laminar layer, is derived, A small
effect was found,

The presence, however, of rotational moticn of the
chamber gas, associated with the tangential mode, leads to an
unsteady vortex motion in the boundary layer, which builds up
rapidly. These vortices resemble those observed to be formed
between two concentric rotating cylinders.,

This vortex growth causes a very significant increase
in the heat transfer coefficient which occurs in a very small time
(Less than 10> sec). Upper and lower limits of the effect are
established.

The increase in heat transfer coefficient, combined
with the increase in rate of heat release associated with the
tangential mode in a plane close to the injectors, will normally
cause rapid chamber wall burn-out. .

It is considered that turbulence in the rocket engine
boundary layer is unlikely, and that separation is not present.
That is to say, a well-ordered and effectively laminar layer
exists, even though vortex formation has occurred.

Vorticity induced in the boundary layer due to shear
flow in the fluid external to it, is known to have a small effect
on the heat transfer coefficient (certainly much less than that
due to full vortex formation the boundary layer).

Hencz, the only source of appreciable increase in
the coefficient is that due to the rapid build-up of the Taylor-
Goertler vortex formation with free stream rotational motion,

The work points to a possible way of preventing
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Szetion 1, Ialrcduction

. orabion of coroustist pro.ssure sseillativon in 1icudd-
fu.l rocket ~top onerrtion s lone o ge Lag subjact of thooretical
and experim.atal investigttions,

The low frecuency (1luss than 200 e.n.s.) tyose of oseillation,
knowr 98 "ciwggins®, ras been toorecugnly anzalyscd and the aroplem
solved - sce Crocco, St Combusiion Syroosium, p.l6k.

Tais »mer is coneceracd with the nore camnlex {and more
destructive) iidgr froraeacy oseillations, covaring 2 range frov
rhout 1,000 Lo 6,00 ¢.u.3., .uch cscillations ean resonate witn
th: acousts eal rodes of toe combustion ehasber. Longitudinal,
tangeatial nd radia) oscillating medes nave been ooscrvaed,

Picklford and Poonles (1) have put forward 2 very cun=
orctensive treataent of Lhe inkeront stapility of tne combustion
arocess, lLowever their work iavelves the nostulation of o obusic
pressurc perturbation wiich is not :lefinei. This rosults in the
usc of 2 rather incomolete nerturbrtion index,

That injeetion is 2n imoortant factor in high intensity
conbustion systums, wiercby the ~tonization drocess is used to
create the maximum nractical surfacs area of liquid fuel to nid
ranid evaperating, a2s beea vecogniseld for many years.

Uinder conditions of ligh: temsorature and nrugsure,

nemiieal kinetics hercbofore was considi:red 2s nob belng 24 Cone
tributin- factor, Characteristic reaction times s=re of the ordor of
10"7 sce, in comparison with chapr:ctoristic cimber freauccies with
neriods in the resicn of 10'3 sce., lost of tac residence tine in
the combustion chavber is sient in Lhe shysieal processes cof 1lijuid
atomization, drop cvisoration and s ohase nixiag, srier to
reaction, 111 of tiase factors are closcly rclated fo the injsctor
dosign,

Scveral theorics of combusiioa system ocrforaance irve been
sostulated on the basis of cvzooration s tse only rato conbtrollin:
process.(z’ 3) However, nracticnl studiss indieute Aifferences betvoen
the prelicted systen behavious and that actuslly cbsorved.

In aay case, it does a0t spoesy thet the evaperation oreceas zloue
can oxolain the role of the injcetor as an initiating lastadvility
nechanism.

Prograss in theory wnd cxpex;‘.r.:ent then, so far fias only led
to cortain rousl: rules tmich act 1s guides in the design stage of
rocket engines. Prassure oscillations can, and still d¢, ocecur
1t randos in even the most conzervalizely d.sigaed units, lsading
at. least to sevare imoairment of oscration,

The cstaulisiwmcat of the basic cnuse of t is sheacmeaon
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The »rescnce of randon combustion srcssure fluctuntions in
a smoot.ly running cngine is ezsily danonstrated, Tus mmslitudis are
scldom prentor than aout one or two Horcent of Lhe steady oressurc,
Thase fluetuationa could be a conscauence of discontinuous encrgy
injoction into the systom. Jiny mechanism wiitich would syacironize
events at all injectors, could t-en cause coisiderablc pressure
oscillations,

Tt i3 known txat both on the test stand“)
flirht, "/ the rocket enginc can be subjectad to nigh 'g! high
frequency vibration (Gec ‘wacadix 1).

In ihe 140,000 1lbs thwrust Atlas type booster, tnkca later
as an ocxample, lheory nredicts a 30 'g', 1000 cop.s. responsce to
the conmponout of tno cagine noise field arriving 2t the veiicle
surface, (a test stands much ndgher 'sY valucs nawve becr ovbscrved,

It is contended thnt tids vibration will cause p.oriodic
(2t the anplicd fregucacy) variation of the fuol Llow rate from an
injector., This “buacidas” of fluid morcover, :All be sync ronizcd
at cach injeetor (all the Lolus will e syncaroniuzed providel the
injcctor plate is vibrating in the n = 1 mode). -xoerimental
verification 21d investipgation of t-:is phenomcena has occupicd niost
of the work during thiis praat and will be reoorted in 2art 2,

Thus, with synchronization, the fuel flow ratc ontering tho
combustion zone vill be rodulated al the vibration freoucacy.

It is well kaowa taat under srover coaditiong of ohusing

botween mass rate and cha ver pressure, soontancous oscillstions

and in actual
(5)

in the flame front can occur.

The procodurc adopted was to assume that tae injeetion
gyste: is vibrating, thus establishing syncaronized fuel {low
rodulation aad then to derive, on tine basis of a simple d;nwnic
rodel, a formmula for tiac resulting -ressurce variation,

3imHifying assuwiotions made in the nodcl we us follows:-
(2) Soorer-hexl injectors with low ve Loéity jets, so that under
vibration the break-un is into unifor:ly sized drops.

One thus has vaves of Irass o-lixing Use combustion zonc.

In practice, of coursc, the jet is shattered into dronlots

and discrete dross are reolaced by ccacentrations (ouacies)

of dronlets, dymanically, tiie situations arc similar,

(v) The cxidiser, say li.guid oxysen, is vasorised much more
repidly toan the fucl. .tence fuel injection oniy is considoered

of simificance in tuis work,

(¢) 411 flow is axial,

(d) Cnly the lon~ituiinal mode of instacility will be soncifieally

involved .x
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The full details of tids inttil .ork ray be found in
ref.3. "te olel was a very crude mslogy, in whichthe pressure
variation followins Lac injeetion of onc '‘wave! of fucl drows into the
combitstion zoue is equated Lo thc time ressonse of a linear sccond
ordar gyaten £21lowing an imoulscetyye disturbnce. The ejurtion
for oressure as 2 function of tine was

P = K&w( fud )z st B
where —P = instanltancous cmwustifn pressure

3
X
K

dauning ratio
time

constant (2 function of the siceific enamber,
fuel/oxidaat ratio cte.)

vxoresgioas § orf)(&)“)K in terms of systan paramcters were
derived, fThese parancters weroe the combustion time lag and residence
time of the mases in the chamber.,

The inturssetion of the pressure variation for successive
'waves! leads to the iizh fresuency combustion oressurc varistion
a3 illustrated in Fisure 1. Variation of fre-uency with injector-
vressure drop is s..own in Fig.2,

Conclusions

This initial crude ~nalysis was suflicient to demonstrate
trat if ful flow medulation ¢35 be oroduced in the frecquency range
kacyn to bc 2ssociated with thic ohenomenon of lLigh frojuency come
bustion instability, then a larse amolitude vressurc varintion will
result,

It thus boeama osscontial as 2 next sten to cstablish whether
or not injector niate vibration could )ro'luce tis flow modulation,
8 mentioned previously, most of the work on tils grant has iavolved
the investisalion of fluid flow thro! injoctors in the proscnce of

aecn2nical vioration, tieis 0ill be reacrted in Part 2,
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Part 1, Appendix 1
] Rocket Engine Noise and Structure Response
It is well known that the most important source of vibration
in a rocket in a static test or during the powered subsonic part of
flight, is the sound field of the rocket engine.
The noise of the engine has its origin in the very intense

turbulence created in tne shear layer #hen the fluid exchanges
momentum with the atmosphere and has a much greater effect than
direct vibration transmission framn the engine.

The turbulent sound producing gas extends downstream from
the nozzle, and two distinct regions may be identified in this
extended source.

(a) the "near field" region within a wave-length or so of the nozzle,
including not only outwardly propagating waves, but 21so reciprocating
motions and pressure fluctuations,

'b) the "far field" whers only radiated sound (r=presenting energy
abstracted from the jet) is involved and wherc the pressure
fluctuations fall off as 1/distance.

Work carried out on the near-field effects over the vehicle

(1)

surface indicate trat they are small (at least for freguencies
above 500 cps) and so from the point of view of structure response, it
is only the far-field which is of interest.

Lighthi]l(z) hr3 ‘- emonstrated that the radiation of soundby
turbulence is caused by & volume distribution of quadrupoles - lateral
or longitudinal. The noise field along the vehicie surface will only
involve the longitudinal quadrupoles.

(3)

Measurements of the sound radiated by rociket engines , Show
that the ratio of sound power to mechanical power is a constant,
independent of the exhaust Mach number, the value being in the region
of 10-2. In fact the Ve rclation predicted by Lighthill reaches a
saturation point somewhere between the jet and rocket engines.

The dimensionless specirum function for rockast engines,based
on experimental measurements is shown in Fig.3. It is to be noted
that the spectrum is wide.

For a St rounal number of unity, with a medium engine of 3 feect
diameter, 140,000 lbs thrust and 7,000fps exhaust velocity, the
frequency would be 2,30 cps and spectrum function A(f) = 1.1,

The spectrum funetion is proportional to the power per unit bandwidth
and corresponds to a spectral density of 5 x 10'1‘ (.1bs/sq.f'c,):2 c.p.s.“l
The mean surface sound pressure would be about 50 1lbs/sq.ft.

The total noise power in the above unit would be in the region of five
million fodt-pounds per second.
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Effact of Missjle Motion

There are two knoun maior effects:
(a) the radiated power increases with the rocket velocity. Lighthill
has shown that the differcntial power radiated in the forward direction
by longitudinal quadrupoles is increased by the factor,

1/(1 - 1‘-1)6 where ¥ = rocket Mach number,

The engine noise {ield along the vehicle surface will tend
to become very large as M aporoaches unity. The increase is limited,
however, as it becomes increasingly difficult to excite vehicle vibrations
as M approaches unity, because the effective sound wave length is reduced
by the factor (1-M),

In fig. 4 a graph of M versus spectrum functicn
amplification factor, B(i), is shown,
(bf the directivity pattern turns more towards the direction of motion.

) Certainly tnen, the vehicle motion leads to an apprecizble

increase in the noise field at the structure surface.
Response of the Vehicle Structure to the ioise Field

As long as the rocket lHach number is telow unity, the sound
generated in the far field (this may be centered 40 ft or so downstream
from the nozzle) can reach the vehicle surface.

Only large structural response is of interest and so two
particular cases need be considered:

(1) Resonance - which occurs when the frequency of the exciting
force equals a natural frequency of the structure. The noise spectrum
being a wide onc;, all vehicle resonances can be excited.

(i1) Modal Equivalence - which occurs when the sound wave-length

(or speed) is equal to tne wave-length (or speed) of free flexural
vibrations in the structure

The sound speeds invc;lvcd range over & relatively narrow
band from the sound velocity, c, to zero, for rocket Mach number
ranging from O to 1, and so modal =zquivalences will be rare.

The largsst vibration response will occur for those
situations where both rescnance and equivalence coincide, and thus
those rescnances with a wave-length equal to a noise field wave-length
arc of maximum interest. Such occurrences may be called Coincidences,

Cranda.ll(S) has developed a step-by-step approach for
determining these most important structural responses. He introduced
circumferential modes to describe the angular variation of both the
sound pressure and the induced vibration,
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If w represents the flexural (radial) displacement of the
structure surface, the vibration acceleration is W, and

W=7 (5) 4%

where @E)is the acceleration spactral density. The displacement,

w, is represented by a Fourier series:
<O
£ ,
w(x,g,4) =27, (%) e
Q

where the co-ordinate system (x, $) is as shown in Fig.5, and n is
the circunfercential order nunber,

The n = 0 mode corresponds to expansion and contraction of
the cylinder cross-section

n = 1 mode ¢orresponds to translation of the crosse-section

2 modes correspond to bending or corrigation of the
cross-section perimeter,

In circumfercential modes the sound pressure, «F\ , is written similarly

T e =2 Pulrt) g

The task is to cxoress the acceleration spectral density, yS')
in terms nf the mean square-pressure spectral density.
It turns out that for pressurized cylinders there is only
oneg circumfcerential modeof importance for low frequencies - the
n = 1 mode,
For higher frequencies ( >/10DO cp3 say) all modes are important
and behave identically,

n2

It also appears that coincidences can only occur for vehicle
Mach numbers up to about 0.7.

Calculations on hypothetical rockct veiiicles of the
140,000 1b thrust category, show that coincidences can occur during
the carly part of the flight (or in static test) and that
(a) the frequencies fall in the range from 1,000 to 10,000 cps
(b) s accelerations up to 40g are possible.
(¢) n = 0, 1 & > 2 modes are possible.

Luperi and Tick {6) have recently reported work cn
vibration and unstable combustion in the | [299 engine,
Acoustic pressure oscillations induced resonance in the engine
mounting structure, resulted in build-up to vibration accelerations
as high 2s 400 g. Even with isolators installed, values of 150 g
were obtained.
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Associated with these vibrations, a great increase in

o prow < — e m~ndVY A
the magnitude of the combustion prossurs oscills

This was ascribed by the authors as possibly being connected
with the effect of mechanical vibration of the injection system.

It is contended in tais work that the initi-ting mechanism
for all forms of high frequency instability in liquid fuel rocket
engines, can be traced to th: massive mechanical vibration of the

injection system driven by the intense sound field arriving at the
vehicle surface,
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An Experimental and Theoretjcal Analysis

of Cviindrical Liquid Jets Subjected

to Vibration,

— - Attt




Notation:i-

. “ﬂw’mzwmwﬂf,

S 48) b Qe B e Devediiman 4570 oy, b

vp

-

ol = the.expansion of the jet surface
B = a3 constant

-=liquid density

a surface tcnsi-n

pusition of the jet surface
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'
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ST

= wave number of disturbance on jet
a2 wave-length " " " on

= exponential build-up factor

= liquid viscosity

= acceleration due to gravity (32.2. ft./secz)
ordinate aleng jet ads

= Jet radfus

= velocity potential

= axial jet veloeity

= radjal " "

= constant

AT

= modulation velocity

= background modulaticn velocity
= angular velocity = ?_‘TF{-

= frequency

R I

= potential energy of jet per unit length

KIE EEDA FOIRES > I

= kinetic encrgy of jet




Section 1, Intradyction .

Tho authors have reported initial experimental
: work on the effects of mechanical vibration on the break-up
of a laminar cylindrical water jet in air,

Results werce campared with the 1lst order theory
devedoped by Lord Rayleigh (¥}, He had shown that a cylindrical
1liquid jet could be triggered into instability by small
§ rotationally symmetric disturbances, provided the wave-length
on the jet was grcated than the jet circumisrence.

C., "“eber 3) carried out a similar analysis, and
extended it to include the effect of viscosity and an estimate
of zerodynamic cffects at tte higher jet velocities.

(above about 15 metres/sec).

No attemp! was made, however, to specify the
physical nature of the initiating disturbance, nor to extend
the analysis to the case of finite driving amplitudes. In
this work both of these points will be covered., The
equation of frec motion obtained by Rayleigh was as follows:-

T 1920X ('AJQ‘") 2
2 45 T A=
. <Uc € T.(4 k) (Qz_ - i).é - 1)0

e s

W P

:z
|
t
i
|

as JL O¢ e"t then
. T 4%aT. Gke)
1 T ear T T,Ghke) 1-2

where g is the exponential build-uo factor.
Weber extended this analysis to cover viscous
effects and the amplifying acrodynamic suction effect. He
obtained the follovd.ng equation for q: . M( . ‘& \
o

‘4&1 . /022 z\ € U 3 3 9 :&
Q+9 =ea(! K H"’(«&,ﬂaﬁ)

For relatively inviscid liquids such as water and

paraffin the viscous correcction can be ignored and by
considering jet velocities below 1500 an/sec the acrodynamic
effects are amall 3 . Moreover, as will be seen later, in the
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presence of finite initiating amplitudes Webe.:r's aerodynamic
treatment (only applicabls to sinusoidal corrugations) would
have to be replaced by a morc appropriate analysis,

The break-up and periodicity of liquid jets has
been studied again recently. This stimulus is due to possible
connection with the phenomenon of combustion instability in
1liquid rocket engines, It was found (4) (S)that the Rayleigh-
Weber capillary typc instability could be driven by subjecting
the 1iquid jet to sound fields. Very small pressure variations
end low frequencies were used (10.5 psi and 200 cps) and the
results were unspectacular and limited to low velocity laminar
Jets.

(6)

Reba and Brosilow y however, extenied this work to large
pressure variations. The jet entered a chamber which effectively
had a reciprocating piston at one end. The pressure downstream
of the injector was varied from 5 to 30% of the steady pressure
at frequencies up to 3,000 cps. Pronounced periodicity was induced
on the jets (oil and water), Considerable quantitative
investigation, such as the effects of oscillation frequency
and amplitude, injector hole size, etc. was carried out.

Reba and Brosilow postulate a mechanism based on
flow modulation caused by the pressure variation downstream
of the injector hole, They ascribe the corrugations cn the
Jet as due purely to the resulting “bunching" action of the
liquid in the jet. (bunching is 2 term used to denote the
radial velocity of liquid due to the relative velocity of
ad jacent particles in the jet).

Arbitrarily they ignored capillary action, but for
the low initiating smplitudes obtained, as evidence by the

sinusoidal type of tuild-up on the jet surface, it was unjustified.

This is characteristic of predaminant capillary action,
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Their analysis considered *he effect of the
resistance and incrtiance of the fluid in the orificc cavity
on the flow modulation, and wnalytical formulae predicting
Jet length to the "first thickening" were derived, again,
this distance criterion is hypothctical as 'bunching! is
a continucus process {till de-bunching starts).

It will be secn later that keba & Brosilow would
have bzen more corrcet in their ssumption of predominant
"bunching" 1t much higher velocity modulation values. It
is doubtful, aowcver, if such values couldi be achicved by
reasonable pressurc variations downstream of the injector.

Tt is the pressurs upstrean which fixes the discharge velocity
ani the downstreawm pressure waves must propagaite upstrsom and in
doint sc their effect is cnormously attenuated,

In this respeet injector vibration is more cfficient
in that it appeqars to induce pressure variations lircctly upstream
of the injector hole {sce Sccti-n 11).

Thus, the only theorctical analysis ¢f significance
in this field has been that of Rayleigh 7ni Weber =ni is
restricted to 1st order effects and infinitely small initiating
amolitudes, With the latter restriction, of course, the flow
modulation merely sesrves as 2 trigsor, liquid bunching is
negligible, and canillary type instability predeminont,

Tt wns the cbjective »f this work to produce a
theory which (1) will cover sccond orier effects (i.c. will
extend to 2apreciible corrucition sixes); (b) that will include
the cawillary effcct ani the 'bunching' cffect. The latter must
be considercd when the initiating wmolitude (velocity modulzticn)
is of finite mamitude 2and will becime predominant at Large
initiating =wmolitudes,

The first analysis (Sceticn 111) 4o be presented
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will merely extend the Rayloigh theory Lo second order effects
Y ’

. & R L

but will incluie ihe velociiy moiuinticn us the initiation for
the instability (that is, restriction to very small veloecity
modulation is madce),

The second analysis not only extunds the treatment
to sccond order effucts, but incluies the !'bunching' offect
nd so attempts t~ brilee the transition:l gas between

prciominant capillary action and predominant liquid 'bunching!

action.
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Section 2, Experimental Background

The main experiment=l results reported here are un
extension of the work previcusly reported by the authors (1).
Briefly it covers

(1) the results obtained 2t much nigher vibraticon
1cceleration values (up to abeve 300 g),

(b) the repe-*3ng of broak-up leagth versus initiating
vibration amolitule measuremcnts for naraffin and comorison with
the water results., It is assumed that the induced velocity
modulatizn is preportional te vibration wmplitude,

(¢) the lctuctinn of pressure fluctuzticns in the
cylindrical chamber behin? the inject r,

Jetails of most of the 20paratus usod hes been given
in Refsrence 1.

Previ-us results may be swmaarized as follows:-

For 2 lamin.r witer jct subjected to moiulaticn
driving smplitudes corrésoonding t- vibraticn acccleration values of
up to 20 'g), the graph of breakup lengti: (or time) f:1lowed
reasonably closely that predicted by the Rayleign-vYobbor taeory.
However,

(i) usine an oxperimentally ilcterminod discharge coefficient t-
get the true initial jet radius {~llowing ccntraction, esbimnics
of the tuili-up factor, g, indicated 2 value »f 2b.ut 380, This
is significantly higher toaan the value of 225 expected on the
Rayleigh-Weber theory.

(ii) the graphs of instability build-up versus jet length

(or time) ruv- \ded considerable departure from the purely
exponential characteristic inherent in tne Rayleigh analysis.

4s menticned hefors, the slightly pe-ked nppearance

of the corrugaticns 2t vibration acceleration values of about 2C 'g! .
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was interpreted 1s 2n indication that velocity wodulition is
1t work., A% low 2cceleration values this meiul-tion is very amall
and tcts only s 1 trigger for tac Rayleigh eapillary type
instibility. st higher valucs and thus stronger molul-ticn, liquid
bunching along the jet would become =zppreciable,

Te investigatc this further, vibraticn valucs up to
about 250 'g' werc wnotied to the cavity behind the injoctor,
Typical results for water and paraffin are shewn in Plates 11, and
111, The jet velocity wis 45 fps, =7ni tne vibration frequency 2,000
ePs.

Disc formaticn cluse to the injcet r is the
extraordiniry result, The paraffin discs arc more affected by
aerodynumic cffects, bein” bent ani atomized rcund tne edges.

This is probably ilue to paraffin hwing 2 nmuch smaller surfuce
tension than water,

The bulges between the discs (in Lhe casc of water)
is due to the build-up of harmonics of the 2pplied vibration on the
cyliniers joinine the discs.

The disc formatisn is striking confirm~ticn of the
valoeity meiulation wechanism,

It is obvi~us thit the Rayleigh-Weber theory could not
b. expected to cover this situation,

A satisfactory theury for finite initizting wmplitudes
(velocity moiulation) must include both capillary and bunching
effucts,

Graphs of breax-up length versus log (vibration
wmplitule) £or paraffin wnd water jote 2t 2 velocity of 1.5
metres/sce are shown in Fig,l. Jd-te: the ordinate scale is in
acc.lerometer velts, This is prop-rtisnsl to vibration wmplitude,
in turn pr-oportinal to acceler-tion value. 1t is reascnable to
1ssume (sec iiscussian later) that the velocity medulation

amplituie is linearly related 4o the tg' value., Experimental
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EiG1  BREAK-UP LENGTH Vs VIBRATION AMPLITUDE -

EXPERIMENTAL
4
i e e e e e e e
A -ﬁr{{le sttt t—t—t111
1 @ WATER
5

FREQUENCY = 3800cps.; VELOCITY = 1,550 cu./sac.

(&) PARAFFIN .
FREQUENCY « 5,800cps. i VELOCITY =1,450 cm./sec.
ERROR IN‘BREAK-UP MEASUREMENT =& 3%
NOTE: ACCELEROMETER OUTPUT IS  PROPORTIONAL
- TO VIBRATION AMPLITUDE.
OUTPUT OF 10 VOLTS ~ 200 'q’ VIBRATION,
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points werc taken up tc 1bout 50 'g's of vibration ( sbout 3
volts icceleramcter outnut).

The curves for water :nd paraffin are very similar,
The cross-over noint woull inlicate taat for 2 given vibration,
2 larger velocity modulation v2luc is induced in paraffin., as
the effect is probably closcly connected with the liguid elastic
nropertics at hign freaquoncies, onc might expect this, as
paraffin has 2 lower relaxation froquency than water ~ad s 1
higher shear mcdulus -f <lasticity.

The curves theorcticzl?y should approach infinite
break-up lengths At zerc =mnlitude, dut very amall random offcets
(pressure fluctuntions in the injectur cavity) are ~lways present

il cause the finite limits ~bservel in practice.

It is f2irly obvicus taat there is no uniguc exponeatizl

build-up factor 'g'. however, by restriction to the range below
1bout 1.0 volts (or 20 'g') an approxim-te g factor can be
extracted and this is in effect what wus 4dme in cur previous werk,
an 2ttempt vas w~%e t. isnlate the bunching effect
(dependent on frequency) from the coillary effect (dicoendont .n
wave-length). a series of brexk-up length versus vibeition
frecuency measuraments’was carric’ -ut, keezine the wave-length
on the jet constaat by varintien of jet velscity. The resuliant
graph (far water) i3 shown in Fig,2 (bruak-up time has been used
here)., It is s-en that ab-wve ~b-ut 1,000 eps the brerk-up time
icercases Wmost linearly with frequency (cr aceeler-tion value, 18
the amplitulc wrs 1ss huid constant), Belew ~bout 1,000 cps
vibraticn weuli iave littls effect sn bresk-up. It is sossible that
this corresocnds to 1 first rolonnti e frejucney for water.
3y the use >f very sn~ll velocity moiul.ti-n v-lucs it

should be o0ssible to simulate the infinitely sm2ll disturbance
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region. This was done by using 1 frequency »f 1,000 cps, 1 jet
velocity of 300 cm/sec and 'g' from L to 20. The resulting
curve is shown in Fie.3. Tt is seen that a1 pood striirht line
is obtained., A q value of 290 wis obtained from this graph. It
will be scen later (Section 3) taat the difference between this and
the vilue exsected using Rayleigh!'s analysis is explained by taking
2nd order «ffucts inte acc.unt,

High /elocity Jets

Alt: ush the theoretical mnnlysis will be restricted to
lawinar jets, one woull exnect tnat the strons liquid bunching
produced with very hieh 'g' vibration, sheuld have ~n c¢ffect on
high velocity turbulent jcts. This of course is the case most
relevant to rocket ensmine combustors, That this is true can be
clearly scen from Plates 1¥. and V. These photos are of water
Jets, from 2 0,25 an orifice. The velocities were 90 and 145 fps
respectively, with vibraticn acceleration of 2b-ut 200 'g' and 2t
2 frequency of 4,.500) cps. The iisc f maati-n is still very eviient,

1,800)

but ligwent formation with subsequent break-up int: droplets,
tends te cloud tie liscs from view.

Tz prove that anss flow modulation was occurring even
with high velocity jets, 2 focussed light beam was passed tarcugh
the jet and cn te 2 ohoto-electric cell., The output from the

v

ohoto-cell was f2i t: 2 Vareoni wawve-form wnalyser ini the spectrum

in the vieinity of the 270licd vibration frejuency exminad carcefully.
Up to the highest pressures possible (bout 150 p.s.i.

yielling a jet velocity of roushly 10 fos), 1 shard peak in the

milyser outout was {ound -t the 2molies fresuency. The results

are illustrated in Fiz.9 (backsr-uni nocise hns becn subtracted cut

1nd wis 2lways 1t least an orler of magnitude belaw the penk).

One mxy concluie that vibration will induce appreci-ble miss fiow

modul ition even with high velocity turbulent jets.
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Injsctor Cavity Prossure Fluctuitions g

=t~ s oA

Reby il 3rosilow revortes th b they dctected ne pressure
fluctuzticns in the cwity behind the injcetor. as the mechanism
of vel city m¢ lui-ti.n wuld invalve pressure fluctuations upstream
of the injoctor hole, -n attempt was mnle to ictect thise using
1 hish frequency Picze transducer, This had 2 resciution of 6,015
Psi, M ueper frejucney limit of over 10,000 cps but was designed
for 2 pressure ronge of un to 200 psi (giving 1 3 valt sutput).,
The rroatist {ifficulty lay in the fact that the
trinsducer was slightly sensitive &, the vibration ani 211 readings

hnd t. be subtracted from o backer -und level taken with no liguid

in the cawvity, «ls m:Ximum vibration acceleratisn values of only
uo £y 1bout 25 'g! ware safe,

The results were thus n.t conclusive but 1id indicate
that i effect (or signal) wns abtained only when tne transiucer was
mount. i n the front >l-te of trne injector cavity - porpendicular
te tne dircction <f vibrati.n, A sign2l t5 noise ratio of 2:1
was obtained; the £-11wine numeric-d results being recorded:

Vibration gt : 25
" freguency: 4,500 cps
Output simal (from Piez. wmplifier) = 0.032
v frequency = 4,500 cps
The simnal reoresented 2 oressure variation of 2 D.s.i., <r
2 5% of the static sressure in the cavity.

Pr. jcction .f the transducer face 1/4" beyonl the plate

surface resulted in zerc simal ag2in,

The priduction of shear waves in the bsundary layer along

1 plate oscillating in itz own plane is =L Known 1ad has been
- - (T} it psns B) .
studics by Glaert , Schulichting ni others,

Further work, tne_retical oand experimeatal, on the

effeet of vibration on the nydrodynwmics of the injector czvity will
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b‘e well worthwhile, It will .be tentatively postulated here that
shear waves produced by the vibration, 1t the injector plate, ¢~ n
propagate across small injector noles and thus cruse velocity
modulation in the emerging jet.

Section 3., Theoreticl Analysis of Jet Irstability for Very Small

Velocity Modulation Amplitudes,

Consider a frame ~f reference moving with the meun
jet velocity. With axial symmetry, the two co-ordinates of the
system are r, the radius, and z 2long the jet axis,

The surface of the jet at any instant t, is given by

) I R - (3.1)

where 1 is the radius of the undisturbed jet, wnif= J (2, v) is
the build-up., It will be considered initinally that oL is small
with respect tc a,

As the motion is irrotational,

A
Vg9 =0

w.ere ¢ is the velocity potential and

u = axial velocity = -B_@

%

v = radi~l velocity = -.'3_¢
Y
The boundary conditions which ¢ must satisfy are:
(i) the free surface condition, i.e. a particle on the surface
will remzin there.
Consider 1 quantity,

S =24+ ~r, This is a quantity which varies from

particle to particle, but for 2 particle on the surface § = 0.
dg
4%

following the motion of the fluit, It can be written in partizl

Thus, on the surface, = 0, wnich is differentiation

derivatives as,
2 23S A4
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[
In terms of o[ this yields the equaticn corresponding to the free

surf1ce boundary condition.

v RIS ,
R A e O — - (3.2)
(ii) Bernouilli's equation
If p is tnc oressure in the jet, and € is the liquid
density, tris eguation is
— 29 v F ~<awateke
R e A
D7 : cmmemm (3.3)
Cn the free surface, - balance of forces gives
€

where R is the izt radius of curvature

v
+ ek commmen (3.4)

T wou surface tension

On the free surface, therefore, the fcllowing equation holds:

-3 [ BT & Ton = nstom

SS—— )
This is the scvcond boundary condition equation. It can be
expressed in tems ofoL by means of a tedious calculatisn, giving
I Y S _L)_._.[....‘ PRSI ¥
k R|+Ez. L ~ ‘6%7'
s ()
T e s e (3.6)
3 +[ - * 7 b%
Terms in [ have been nzsglected,

First aporoximation

Jeflecting terms ino{ , we 1sswze that ¢ has the form

.ot ke
¢ =he' eI k)

e (3.7)
ind tiis leads ¢ the original hayleigh expression for the
exponentizl build-up {acter 4.
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Second Approximation
In this case, powers of ) &\i must not be neglecied,

v P
To extend the anilyais to seconi order torms, (O must include

~29. 34
37 3%
the bruniary conditions, 3o fer 2 second orier wnalysis we assume

¢=0+ ¢, = Ae‘*e“ﬁoﬁkr\
+rpe at g %T(’L J;a*r>

--------- (3.8)

* n termm corresponding to the residual tem, ,

OL "o‘ﬁ'oL,_md B is 1 constant,

oW r = 14 [, i writine the bounlary coniitions to 2 second
order approximition, 21 taking t'e special casc of k 2= 0.5

(centre of the Ravleich svectrum), leais to the followineg expression

for¢3 ,
- 6=net et T (1))
N (.&.’zi> eat) 3(%/4 T.G)

------ ~ (3.9)

where q = ko Vlc,i;"' build-un {:ctor

ze B
The eguation Iorc( then beccmc,s
-Ry e }( )T (L ) A 03h
A= 3 ”7'.’( EDE
"i T (3.10)

A value for the constint - may b obtzined by 2pplrin~ toe boundnry

conditien {or initiql condition) at tre orifice. Tidis will be 2

1
smiali velocity modulation AL, nd

{ %—(ib— I = modulation velocity = JA‘ = A/)\,Q_

L]

2 3 T S
&’az(l g—za‘g‘; /%rrv a4=0.§

ks 1kt R, s 2R 5o Ay
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It is assumed that AL is known,

[

Hence . L4
- N X - { . W 2 4 /- “oil \
L = _‘_ﬁ{}_‘eﬂ Gﬂzwl(ﬁ\*‘@&“) o ed (I,,"ii%‘)

Asé =Ui one c4n then eithsr compute the build-up, ‘,L ’

l
i
E
!
"
8

versus time, -r the profile on the jeot 2t successive intervals of
time,

Equation (3,21} can be reduced to the following

appraximite foym:

' v/ ol \ X %
x =\ ) /—-—-—-—-— Cas (= ) :
=@ €SS\ 2 o codh i 3 g as L
oL hq q "
A tyoicid result for the profile on 2 water jet from 2 0.12 om
injector is scown in Fig.h., The jet velocity wias 1000 em/sec

and it wis assumed tuat the applied vibration was producing a

A
velocity modulation of AL = 5 em/sec. Fig.5 shows values of

o e A g e

d'\ versusﬂ"t(t measured from t = C 2t the orifice). as the
build-up will be still clesely exponential we can write

ol == constant. € K(q‘:t\

where (»(\n‘_t) is th.e independent variable,
From the graph a vilue of £ = 1.5 vas determined and so an
effective 'q' facter of 330 was arrived at,
This valuc agrees ouite well with the experimental estimates cof \
g reported in the previous paper (1) .

It is intercsting te note that

E.TP__’__

of velocity. For the injector used and with water as the liquid,

e

/é Qa and so has the dimensions

thic characteristic velocity turns out to be about 50 cm/sce.
Now,

2 A

- 2 AU
~ W J T T2 |
A% L \/ 2€.0 V2 m (3.14) |

.
Py




JVIRTRITRSINE. 39 DN 1. N F
&

) EIG % SOME PROFILES OF BUILD-UP ALONG LIQUD JET
) \\/ 4 —= BUILD -UP ;
. X —= DISTANCE ALONG JET
\ (ﬂ - 0-S0 T = A W 4
°s t - Tme .
FIG 5 BUILD-UP VERSUS EXPONENT VALUE 1
o4
os \ \ )» T +0-0 1004 L | ,
4R 7
. A :
| \ .“
I’ \ " pa .
Q0 _ i ) — B
_ s \
o vl N T N & = CONST. @7
i
. K (FROM GRAM) w 1-S
-e.m”/c\d_\ \ ~ _— _ 7~ EFFCTIVE Q= Kq,
M | W / » $30 wﬂ
o8 \ L b \/ o2 . .
0! {
-04
i N r 3 4 3 ® 1, oaioz of 0 s 20 28 L ss
. . LW\ T O&ﬁllll' L

i+ o e e i+ o aman = 4




e e ot ame

- 28 -

The series represented by equation (3.20) becomes divergent for

A

an ;i:;? value over one. 3o the wnalysis woula break down

in this case for 4 value of velocity modul-~tion above abcub

12 au/sec. This is all rignt within the initially 2ssigned limits
of very small initiating modulation amslitudes. At higher
amplitudes the an-lysis would have to be replaced, as liquid

bunching 2s well as capillary instability must b taken into

account,

It is fcit that the above 2nalysis is an improvement

on the origin:l Rayleigh analysis as

(2) the physichl nature of the initiating disturbance is identified

md incorperited in the theory.
(b) the analysis h2s been extended te the second order and thus
can be expected to be accurate for apprreciable sized corrvgations

on the jet.

g
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Section 4, A Theory for Je* Breat-up in the Case of Large

Velocitly Modulation Amplituies,

The velocity modudaticn in this case not only iriggers
the capillary instability but cruses liquid bunoning ~long thc
Jet (2 forecd radial comoounicd velocity is introduced).
gunching Theory
As 1 preliminary step the bunching mechanism will be
censidered md mathematically Jefined, The jet can be considered
18 2 system for particles without surface tensicn or interaction,
The velocity of particles emerging from the orifice
1t time t = to’ is written as
A, = M+ NTNENCUITOD R— (£.1)
where t’o is tae time original a2t the nozzle,
ANo is the steady velocity
.)\,\\ is the modulation amplitude.

The time of arrival of a2 particle 3t 2 plane z is given by

i’l":fo ~+ r

Mol 14 WS x:% """"" (4.2)
Ao

. ' e (4.3)
I’| = tc-*— :é; - %Jéa—'\w’uto

As the flow 15 ontinuocus, if n, is the particle

current 2t the orifice, then

N ’CLko =N, ‘&}:\ ------ (4.4)
=\ AN JA\
TE. = |\ — -—L—}‘;——.Cﬂmro
b ¢

o
o
= w3 4 (k.5
e ! { — ( b.t_ XQG‘SM to (&.5)
I{ the ;.a.rticle'geonsity is constant, then
2.

’ho fY‘O/ LY

o = r~

", AN
where Yo, Y, , are the radii of the jet. The

foliowiny exXpression fir the radius of th: jet zt any time t’o (ia

the orifice frame of reference) is obtained:
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Tt mry be aometimes more uscfil Yo consider the various
. momrovn o bland A lican

hirmonies sanaratelu  ~g the abeve expression sssumes bhat they

we equilly attenuited. So we cxpand out M , of equation (4.5)
in 2 Fourisr series in the wrdle A (‘t -a-'- ) » Considering
[4]

the first harmonic only, leads to the fallowing expression for n:

=, [ Lfy(”z_n__ &ﬂm‘k]
=i+ m(%w)mkﬁ B

whcre%-— ut ~XQ '2-'“'/\,\ , and the time scale has buon

changel to that of the moving jet.

oy o -

In Fig, 6 the build-up profile for the case of all

harmmonics present is shown, It would indicate that with pure
bunching {non-interacting particles), discs wouli be formed along
the jet., 4s will be seen later, this prediction was strikingly
confirmed for the casc of very high 'g! vibtraticn, Under these
conditinns apoircciable velocity modulation is induced 2nd so the
"bunching' action predominates over surfice tension sffects.
The non-interaction corlition on which the acove equation (4.7)
is base!, wsuld then naturally be a more re-listic zupsroximation.
Jet_Anal sis

Tne Rayleigh proccdure was follswed closely, but the

surface position equation was mcdified to include a 'bunching?

term:

T =.a, +,L’CO'S/£Q% + %(’Q

- Qg | SN M 3:
’qo'{':L’(JS/&S + 2 ch—---{'(he)

This leads to chunges in both the kinetic and pc;tential energy
terms. The kinetic cnergy must now include the transverse

velocity compenent.,
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The expression for a now becomed,

2 2 ~< J*! A)
™ ! E <} ’)
(O' o I A" i L. e __..__;[' Q)
L4 U g - \wess

and so

2 1 2
/a: = (/oxl-- i )/(( + %a"i 1":} ) SO 10

jotu: the cosinc term in the 'bunching' expression is taken

ag unity, 9o thal :aly ths prafile ~f mavim. tu The build-up
will be obtained,
The potential eneryy, P, per unit length now is

given by the followins relation:

L 1 \ R \ 1 '2
. | I 5 A AN Lo
F - {-—'i (—"i u_u’:““"“ oq - \) + Iy \Ll o

, »‘“"m AT

DDA LA AN

If ¢is the velocity netential then the axial and

transverse velocities ~re zZiven by
—
AN = ng
y o= 20
Y

e o { 1&« 012)

o o —o.
where —P: -Q’(/Q. —_ 7:3\1‘”,{&
K, the kinetic energy »r unit length, is given by
PAIL.Y A
=4} "y ((I (}kﬂﬁﬁ (3921' jfé’—‘”—»u 14)
and usinz,.-;??e reolﬂtwns w.l2\ nd &21 * y Wo gt

The Basscl functnm are now 2xpaded out «s series,

terminating thuse 2t the third el sccond torms, respectively.

The final oxpressinon for X is, 3 2 Ipk
ap 29k o «x,& ok
K = hATE T [H'

— 1 ke ()]
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Using the Lagrwige equation for 1 consérvative system,

A /OK K B?
by zJ s1 T34 T0

and censilering maxima only (CO'S ,&2{ ~—|§ the fellnwing equation of

motion is obtained,
'\_ r

Pri

-

o ".ml RN _ 2T, (5 & 4R
8.t b g ] (} J?ﬂ’\ ..... (4.17)

It must bu nctel that in loriving this equation 21l 3

the hamcnics wer: 2ssumed to be present and so it will be

P P Y

strictly only valid for the coniitimns <f stronsg buaching (very
high 'g! high frejuency vibration). cor the transition region

whore c2pillary and buncaing nction are rcourhly of the same

R R a?

effectiveness, an wnalysis based -n equation (4.7) wculld »robobly
be morc anorepriate,
Methed of 3Sclution

Zquation (4.17) must be solved foroL 1s 2 function of
time. ihis can only be done numcrically., Now Y is 2 function
=f both ,L and *’ and so ~ne is forced to compute ,,L for 2 amall
interval of time, comoute W 1nd then use this value in the come

vut-<tiom of 4 at the end of tic next time intervol.

R

The &th sricr Runge-sutta technique for integrating

differcntial enqurtins was foun? to be the most suitnble for this

pur~ se,

dhen f, 1s determaincd for 2 step, the new Y vilue is
computed and this i{s us. in cquaticn (4.8) in computing JJ b the
end of the full-wing stu-.

This prece lure 2ppears to zive satisfactory results.
The programme wis written in Fortran and executcet on tne IEi 1620
digit2l computer. Bessel functions were evrluated in the progrume

using the centinued fraction -~pproximation, This increases

computing time greally, however.

P —




There is ne thueoretieal analysis available for
prelictings the velceity me lalation inluced by a2 particular
vihration froau nev and te! value,

The ranec wf v dues was chosen ~n the basis of
the .bserved prussur. vari-tions in the cavity as reoserted in
Section 2,

For 1 LUL an/sec jot, Ax’ values from nbrut 3 an/scc
to 50 cm/sce were used,

This w.ull corrcsinnd rougaly to zeceleration values
from "bout 5 t~ 5C 'pt, fodulation valucs less than about 5 cm/sec
woull by only czywble of initiatine cwillary type instability,

The rezion from 5 to X ewm/sec is transitional, where
e™ill-ry action and bunching are «dmost equally effective,

In the region over 30 em/scc liquid 'bunching'! becomes
nrelominant,

The brezx-u» length criterion has becn internroted as
that »int on the jeb wisore the maxima, or ,( , has reached = value
vqual t- the origianl jet rilius. It has significance 2t low
or intermziiatc modulati n values, where bunching ction is sm2il.
Howcver with strong bunchin~, it loscs its significance s 2
criterion, Disc formation corresponding toc,{ valuzs of many
times the osriginal radius is very rapii, but 2ctuil break-up
is delayed ti11 eanillary action thins cut the ligquid cylinder
joining tnc iisecs.

Thus, cwparisons of exmeriment and theory on the
basis of break-up measurarents, is only oossible n the low and
intermcdiate 'bunching! regions.,

In practicz, morcover, sm2ll randas fluctuaticns in
préssurc 1re adwiys present, and so one cannot have zerc velecity
modulation 2s in theory. To make the 1bove theory more realistic,
then, 2 small constant m>lul~ticon term € o V1S included in the !

t 3
formula, where 0 = M+ EJ
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In the 1000 cn/sec¢ case taken 23 2n exumple, Eo

wis given . v.iue of 2 ar/scc.

-

Cecmparison of Theorciic+l nnd Zxoperiment-i Hesul

L8

The ab.ve an lvsis was pplic! ts the case of 1 water
jet at 1000 cr/s:c. v.locity, with m nnlied vibration frequency
of 2000 cns, Thl wwve-length on the Jot wrs thus C.5 cms
(near th: milil. ~f tne Hayleish spectrum).

‘ graphs O buidd-un (profile of maxima) -n tixe jet
versus time arc skown in fig, 7 for 2 cascs. The curvz for
low driving wolitules (wetk velocity m luliti n) indicites 2
fairly rapil initi2l build-wp, then o slow increase :nd final
raoid 'brurk-upt,
. The exourirment~l result, using the travelling
microscope technijue, is shown to resemble it in ~utline (¢ course
tae initi~l rezisn cannot be checked =s the iixima ~re ¢o5 smrll
' to> be ~bserved),

The curve for higher volocity meiulation (30 cm/sec)
ghown the ranid build-up waich results. The bre~k-up criterien
corresponds to an orlinate velue of 066, 2ni has noc simiiicwce
in this case as nentioned zbeve, Plate 11, shows the result
observed for strong bunching., This was a witer jet subjecteld to
vibrition acceleration value of abxut 60 'gt it 3,000 cps. The
ropii dise formati-n is char:cteristic <f 'bunching! in which
211 the harmenies we present. The disc reached 2 certnin size
and final br.-k-up occurs furtacr dawn the jot and is due to
¢aoillary iction un the cylinder connecting the 1iscs. The
bulge midway butween the liscs indicatus the build-up of other
harmonics.

The observation of disc feormation is striking

conf{irmition tnat the iriving force is velocity modul-tion.
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THEORETICAL.  PREDICTION OF AMr_ITUDE BUILD-UP VERSUS TIME .
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Plate 111, sb: ws 1 simil+r phen menon far . paraffin jet,

Most of the oxperinental measaroents giade on the Jjet

| Sppys o Ay e T P e PO | + 0 3 44 -
Swe ein T aclucld aiasurced brock-up longtnh vercus vibration
P I T | L LR [ 11 T VYae . & b R A1 ys AR S R.RJ
CuJLiLude, 1O TCRLI3vie aaay T Np o s Tolilne TLoULLVS wila

these, break-up lengstos (basced on the radius criterion) for a
ringe of 1 w anl interme iiate modulation vilucs, were cumputed
for tne 1200 em/see, jot. Vibration amolitude and vel.ocity
medulation are consiicred ~s oroportional parmeters,

Results snown in Fig, 8 curves (=) ani (b)
are for water ind par-ffin jets,

The tho-ry predicts little differcnce in their
behwious in the finite m.iulation velceity region. Curves {c¢) and
(4) are uxaurimentl ones for paraffin and water jets 2t absut 1200
cr/scc.

The vxperimental curves ~ls» sasw that in the finite
nmodulition region, the behwvicur <f paraffin and water is indeed
similar (2nd Orisucably this will be cven more so 2t higher
modul 2tion valued).

There is un.ugh agreenent between tne 2bove anzlysis
and cxoerimental results to confirm that it is largely correct.

The vhotcoerashs »f jet bre~k-up - btainud by Reba and
Brosilow wnd Micsse indicate th-t the velccity modulatin obtained
by them f2lls in the very low category, covered by the an-lysis
in Section 111, Thus, the variation of pressure i»mstrenm of
the inject r is not 2n efficient methoi of oroducing velccity

nodulation.
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Scetieon V, Conclusiong

It scems firly conclusive taat the rot:tinally
symmetrie disturbance requiret ¢ trigror the Ryloipgn-doeber
capillary instability on liguil jets, miy b ohysically ~ttributed
o wveleoeity modulation, This w ull be iniucel by »ressure
varition uwpstrew of the inject r theat, Unter nomnl
eircunstane +s, minute rint s oressure fluctu.tions will 2dways
be nrisent in th. cawvity behint the injector,

The applicati 'n of Lweer-nicals vibration in the
spproprirte frequency range nal ot small vibration icceleration
vilues ¢vn induce such minute pressure fluctuntions -nd trigger
the cillary instability, The thecory oxo unded in Jection 3 is
e-nsidered tH cover tnis crse.

“Yith ni~7h vibration 2cccleration, finite velocity
modulation values can be roluc:d, This »nr-oluces n ~pprecinble
'bunching! effect in the liguid jet, ani if strong en-ush it will
oredominate sver thie ¢ illary offict. The analysis in Secti-n 4
is given as 1 seni-juantitative theory of the ohesomensn s
dbserved in the tronsition resi n between the rredominant
c1pillary rezicen (infinitely saill founching!) and the ored-minant
'bunchin.! regln,

However, ©oeriterion to roplece the brzak-up length
.ne {used with succ.3s in the very low 'bunching! rezion) is
necassary to allow satis{act:ry comarison between theory and
expurinent.

The wnnlysis reiicts that under strong 'bunching!
conditinns (inluced by hih frequeney, high 'g' vibration), the
behavicur of vari~us liquids will be very similar., focderiment
confimms this, Some variations will be expected due to tne
variation in clastic oroperties of liquids., For 1 given vibration,

aore or less velocity modulaticn mny be produced depeniing on the

om s
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relaxation constants of the liquii, However as the an-lysis
tock velocity moiulation asa bosis, this 1id not ap:ly to the theory,

but woull ~~ve «ffectel the oxoserimental results sonmewhat,

In the re~isn of nredominant bunchin; «nd disc formation,

the restriction U law velocity lurinar jets is not necessary.
The results for witer 2t 95 and 145 fps e shown in Plates 1V,

anl 7, (trken under 2gts of vibration at 4,500) cps).
1,800

Sureaiine of Lthe liquil is crused by 2¢redynimic fragnentation,
but the lefinite mass cuncentratinn spaced at wave-length
iist~ncss 4lon, the jut, is still very eviident,

It is of inteorest t~ note tant single discs have
buen obscrved oreviously on liquil jets.(g) They were induced by the
application of 1 sten chanse in velocity 2t the orifice., The
malysis given was rather crude and woual not cover the low
olulztion velocity region. Howsver the evidence for velocity
modulati~n 2t the orifice being the cause of the phencmena
renorted herc, must now be rerarded s complete,

Prediction of the magnitude (and phase) of velocity
moiulzticn produced by 2 given vibration is 2 necessary next step.
From the vibration point of view it will render the analyeis more
complete. Further imvestigation of the exfect of vibration on

the injector cavity hydrodynamics is planned,
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Part 3 (a)

PROPERTITES OF TAYLOR VORTICES OF LARGE AMPLITUDE

This paper is concerned with the scconlary vorted
flow of fluid between two concentric cylinders; the inner
cylinder rotates at 2 constant speed while the outer is
kept fixed. Taylor (1923) has shown that as the speed of
the inner cylinier is increased beyond a certain valuc the
motion changes frem 2 purely tangential flow to one in
which thers exists 2 superposed secondary vortex flow. The
voertices in this flow arc in the shape of toroids whose
axis is the axis of the cylinders, Taylor predicted the
conditions under which this transition takes place; he
also gave the form of the infinitesimal vortices. The
extension to rates of rotation above the critical value, when
the amplituide ol the secondary flow is an appreciable fraction
on the main flow, was made by Stuart (1958).

Tayler confirmed experimentally his theoretical
valuc for the critical speed; his value has also been
verified by the experiments of Wendt (1933) and Donnelly and
Simon (1960) who also confirmed Stuart!s analysis. Donnelly
and Simon show, hcwever, that Stuart!s analysis holds only
for a limited range of speeds above the critical. It is the
aim of this paper to give an approximate anaiysis of the
flow when the rates of rotation are so large that Stuart's
analysis is no lénger valid.

The reason for the occurence of these vortices lies
in the centrifugal force field set up by the primary flow.
When the motion is purely tangential, the speed of the fluid

decreases linearly outwards from the peripheral soeed of
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the inner cylinier to recst on the outsr cylinder, There
exists, therefore, 2 tendency for a fluid particle to

E migrate from the inner cylinder to the outer. This tendency
will be realised when the centrifugal force is sufficient

to overcome the viscous forces in the fluid, The ratioc of
these forces is given essentially by the non-dimensional

§ Taylor number T, defined by
T = h (ULY'
Ry

where R is the radius of the inner cylinder, JQ'L is the
gap between the cylinders qntiv is the pcripheral speed

E of the inner cylinder, and )) is the kinematic viscosity.

Taylor showed that vortices werc set up when the

Taylor number was greater than about 1700. When T is greater

than 1700 a range of vortex shapes will be amplified; the
form which has the greatest amplification h2s an approximately
square cross-section, this ferm ultimately predominates.

In this papsr it is shown by an approximate method
that the drag on the inner cylinder is increased by these

vortices in the ratio

y/
o3 T ™

[
when T >/ 'O . This result agrees well with the
experimental results of Taylor and %Wendt quoted above, provided

the Reynolds number Ul\/ Y 1is less than zbout 5,000,

above which value the flow becomes turbulent.
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Nomenclature:

Ve -
Al (4

éuh\,h,wt\ =

Q""-\A“\

YRR x  snes e

free stresm velocity
X - canponent of velocity in the boundary layer
in the absence of vortices
the additional velocity components due to the
disturbance
the x - components of velocity at the cdges of
the regions of abrupt change
vorticity in the x - direction
thickness of the boundary layer
kinematic viscosity
= Reynolds Number
thickness of thc region of abrupt change in the cell.
pseude stream function
radius of curvature of the wali
skin friction ratic
amplification factor for sndl mmplitude values

wave-length in the z-direction
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INTRODUCTION

It is contended here that the impingement of
rotating gas on the wall of a cylindrical rocket engine
chamber, as will occur in the presence of tangential
(although this involves an oscillating flow) and spinning
modes of instability, will result in the threc-dimensional
type of boundary layer instability first designated by

(1) (@

Taylor for the case of rotating concentric cylinders
and later by Gb'rtler( 3) for gas flow over a concave surface.
The formation of the regular and well-ordered pattern
of Taylor-GSrtler vortices, with axes parallel to the chamber
wall, will bz snown to result in a very large, albeit oscii-
lating, increase in heat flux to the wall over that due to
normal convection,
The coordinatc system used by Gortler (see "Boundary
Layer Theory" by H. 3Schlichting p.442) will be adopted in
this work,
x = coordinate in the cylinder wall and parallel tc the
main gas flcw.
y = cooriinate perpendicular to the wall
2 = coordinate perpendicular to the x dircction.
Gortler analysed the time build-up of the vortices by
considering a2 sm2l) three dimension2l iisturbance superposed
on the flow:

u - a(y) cos (A})EM
v' = v,(y) cos (4})6“

w =W (y) sin (dg )6“
Instibility, or vortex formaticn, will be initisted when, for

2 given wave number o{ , the characteristic parameter or

Gortler Number, is above a certain critical values
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We have taken the aexperimental results quoted
by H.C. Krieg Jnr.(h) for a 15 inch diameter engine, as

-a basis for nuerical resulis,

Using Schlichting's formula (5)

for the boundary
layer on a smooth plate; and taking a free stream velocity
of 2000 {ps and a maximum available time of 10"‘2 sec, a
mean boundary layer thickness, S , of about 3.5 x 2!.0"3 ft.
i3 obtained,
For Krieg's chamber,k = 7.5 inches and so
Grtler Number = M ‘ \,—%7 = 46O,
Vv [
The condition for instability is thus satisfied.

An arbitrary initial disturbance will have a
range of Fourier cumpcnents wnich will be amplified. The
canzonent with the greatest amplification factor rorresponds
to 2 cell structure whese wave-length i35 sbout 23(3). This
cell size will ultimately predaminate,

In the casc considered above, Bfor this type of
cell is about 40,0CC. Thus, the initial rate of build-up

is about ew’OOOt. Kirchgassner

(6) has proved that a
finite upper bound for the vortex growth cxists, this being
when the vortex velocity equals the free stream rotational
velocity. It is thus certain that the vortices will have
reached their maximum size in a time well under 11.0-2 sec.
Therultimate (steadv-stat-’ r*ex stvncture will have a
wave=length of about 2 S .
| An'ilxsis

The equations of mction as developed by Girtler,

and neglecting terms containing 8/ R, are as follows:

3 0 §_J_,*,.\ 3 VM, >
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where V) 1s a pseudo stream function, defined by

_ Y = ¥
N, = 3 \ AN =
\ coeme (4)
and ()is the component of vorticity in the x direction,

w\ N oy

————

WTNLE T Yy —)

The boundary conditions over a single cell (one wave-length,

two vortices) are as shown in Figure 1.

Note: all the quantities are periodic in the z direction.
This means in particular that M,V , (3 have the same

values at the outside edges of the cell respectively.
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87 an order of magnituie procedure it will be
snown that the rate of change of the various parameters,
G etc,, cannot be of the order Cd/g atc., over alk
the cell,

s  Suppose the variation is """g ‘ete.

R g

Consider equation (2): Term by temn this leads to Table 1

Table 1

2

R

vy e | Y
Rowpr T,
T s, ! o

Note: ¢, = V.
Consider equation (1): Term by term this leady to Table 11.

+ ) gigz; Y VLJ.A,
Mo ‘us
'\S'"—-S— V' //8:’

4 U.
Hence 1] = '—R-i , where Q‘ - 46%/?
Putting this value for \f, , into the cxpressions in Table 1,

the bottom row ncw becomes, as shown in Table 111.

Table 11]
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The first and third terms arc vanishingly small
(m’s), implying that the boundary conditions cannot be
satisfied. V¥e must infer then, that () , JL' , ctc, only
change slowly over most of the cell, there being a thin
region where very abrupt parameter chances occur,
Lot Its' width be designated by the symbol € . The cell
{see Pz, 2) now consists of tws rcgions, 'slow' and tabrupt!
respectively,

In the slow region the viscous terms in the
equations c'm be neglected. Now Ahg = ,uo(y), and so

equation (1) can be written as,

dW N _‘f —
\% Bg ‘3 % % —= O or Jacobian (L) =0,

where A\ = {4 Ak, - This implies that W M( )
so that in the 'slow' region, (,u°+u‘ ) is a constont along

1 stream-line.

In the 'abrupt' rezion we have from equation (1),
vV, e = y,___..M'
t§ g*
Note: the variation of parameters as 1/ S or 1/8 can be

assumed here.

N .V,
and so
it R
TR
G = ’
3
Re g

e (6)
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In equation (2), taking the last tcrm on the left hand side as
the dominant one,

{ A, ;__.y(&)
ROENeT Ter

e (D)

)
P
5%

i
7
b2
i
4
e
P
T

Combining equations (6) and (7),

(8) = (72 &) e

{

In the case considered here, it is found that E/ g = 20

Vs X e, G SO we g

That is, thc "abrupt' region width is about 1/20 of the

boundary layer width.

Estimaticn of the Heat Transfer Effect

It was decided to arrive at 2n estimate for this

effect by defining a factor

skin fricticn due to
- - J

skin fricticon without

F heat transfer with vorticity

hcat transfer without vorticity

The cell structurc arrived at is sketched in Fig.2.
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¢ Since it has been proved that g4 along a s

TTTTT T eww T =TT

linc in the inviscid region is a constant, let g4 have the
. constant values 'U‘L ’ &Rin the streamlines just outside
the region of abrupt change, in the two halves of the cell

risgiectively.,

The x-compounent of momentum transferred from the

v s o ..
L

m2in stream to the cell must be equal to the skin fricticn
at the wall, Hence,

() + (a5 ]

+ y(AE)s +V/"—E&§S='-.-o

N L) AL+AR %-:'-Um

As ).\ok‘a\ =Q near the wall, , has the values
respectively, near the wall,

Then,

—(9)
In thz example taken here, we find that equation 9 leads to

E : 2 value of F of about 10. That is, a 10 fold inecrcase in

e <

H heat flux tc the wall is predicted.

Comparison with Published Experimental Results;
The cnly extensive set of data for heat transfer

thro' a fluid between concentric rotating cylinders ava.iiable,

X2 . This d2ta has been cor-

related by Nissan & Haas ) . I

is that of Bjorklund and Kays
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Our example, with a critical P parameter value
of 12 (as per Nissan and Haas), gives a P/Pc of about 200,
and thus

Nusselt

(Nusselt)
cond,

Similarly, from the work of Donnelly, Simpscn & Batchelor (9)
on transfer of momentum between concentric rotating cylinders
scparated by a low viscosity fluid, the fractional increase

in momentum transferred (due to Taylor-GBrtler vertex fomation)
is predicted to be of the order of 20,

“le unierstand that sbservaticns on heat transfer
to the rocket engine wall in the pressence of tangential
instability indicate a fractional increase in the region
of ten.

We may conclude therefore, that experimental evidence
supports the contention that the tangential mode of instability
in a rocket engine can initiate this type of disturbance in
the boundary layer on the wall, and lead tc an independent

and significant increase in heat transfer.
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Part 4.

Futyre Work

An experimental study of a2 gaseous diffusion
flame will be carried out in which the fuel and oxidant
will be injected coaxially and the injector plate is
vibrated. transversely. Schliercn and spectrometric
techniques will be used, and luminosity =nd pressure
measurcments made in the combustion chamber, to study the
flame effects induced by fuel {low modulation. The use
of gas jets rather than liguid, eliminates complications
due to liquid jet break-up and evaporation,

A thooretical analysis cf the flowing/reacting
system in tfic burner will =21so be carried out, in which
the gas flow is modulating with finite amplitude and at
the 2pplied vibration frequency. The initial analysis
of a cold jet with flow modulation, injected into still
air, has zlmost been completed. The next step will be
to consider coaxial jets and then to include reaction and

the chemieal kinoties,




